We consider a simple model of a metallic nanowire, consisting of a free electron gas confined within hard wall boundaries and connected to banks on either side. Similar models have been widely used to discuss conductance properties of nanowires and point contacts. Here we show that the same model has implications for the mechanical stability of the wire and its work function, and that it possibly induces Jahn-Teller type distortions in the wire cross section.
I. INTRODUCTION
Metallic contacts of atomic dimensions are routinely obtained by pressing two electrodes together in a controlled way [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . As the contacts are elongated, they change size in a step-wise fashion due to atomic structural rearrangements which are revealed by an irregular staircase variation of both the force between electrodes and the electrical conductance of the contact. Although the conductance staircase is different for each elongation process, a statistical analysis over a large number of runs, for simple free electron-like metals, results in conductance histograms that usually display several distinct peaks. The exact histogram depends on the particular metal and on the experimental conditions but one fact is quite general: For most metals measured up to now, and especially for monovalent ones, there exist certain favored values for the conductance. In particular, the most prominent peak corresponds to one conductance quantum G 0 = 2e 2 /h (to within 10% or better). This suggests that the conductance in atom size metallic contacts shows a tendency for quantization [14] .
However, the problem is intimately connected to the distribution of atomic configurations which are visited in the experiments. When particular atomic configurations are preferred over others, this by itself would lead to peaks in the histograms. The question then arises as to why these configurations are preferred?
Theoretical descriptions of conductance quantization in metallic contacts have been given in terms of free electron waves, confined within a boundary which was fixed by the positions of the atoms at the surface [8, 6, 15] . Alternatively the electron waves have been described in terms of a tight binding model [15] [16] [17] , but in each case the problem of finding the electronic wave functions was separated from the problem of determining the atomic configuration of the contact, for which molecular dynamics simulations were employed or fixed convenient geometries were chosen. The question we want to investigate below, is whether this separation is allowed: are the contributions of the wave functions of the conduction electrons sufficiently small (or sufficiently smooth) that they can be ignored in searching for the minimum-energy configurations of the atoms in the contact? Is an effective nearest-neighbor interaction valid in the calculation of the inter-atomic forces?
The nearly-free electron approximation has proven its value for the calculation of various properties of metals [18] . It works best for simple, monovalent metals, in particular the alkali metals, for which the Fermi surface is nearly spherical. One of the most convincing implications of the free electron approximation is the shell structure in metal clusters [19] . In vapor jets of potassium, the metal atoms cluster together, and clusters composed of specific "magic" numbers of atoms (2, 8, 18, 20, 40, 58 , ...) are more frequently detected than others [20] . This observation was explained, in analogy to the magic numbers in nuclear structure, by the favorable binding energy for clusters having "closed" electronic shells. The electronic wave functions can be approximated as free electrons confined inside a spherical potential well, given by the spherical Bessel functions. The total energy per atom of the occupied electronic states decreases with cluster size as long as the set of states for a given l quantum number (a shell) is partially filled. The addition of one atom to a filled-shell cluster requires occupying a higher energy level, and the total energy per atom of the cluster increases again.
Therefore, the cluster energy finds itself at a minimum when the shell is just completed. The magic numbers are found from the degeneracy of the levels, (2s + 1)(2l + 1), with spin s = 1 2
.
The order in which the l quantum numbers are filled can be read from the order of the zero's of the Bessel functions.
A proper calculation of the cluster abundance spectrum requires including exchange and correlation effects as well as a realistic shape of the confining potential [19] . However, the principle of the the magic numbers can be demonstrated using a hard-wall boundary and ignoring exchange and correlation contributions [20] . We will use this simple approach below in a calculation for a wire connected to bulk reservoirs, and discuss the question whether specific wire diameters have a higher relative stability due to the electronic degrees of freedom, in analogy to the shell-filling effects in clusters. In contrast to the clusters, the wire is not isolated, and the connection of the wire to the reservoirs results in an equilibrium electric charge in the wire, which may be observed as fluctuations in the work function with wire diameter.
We are aware of the serious limitations of the approximations, but we want to point out some of the interesting consequences of the model, which may stimulate more realistic model calculations. Furthermore, similar approximations have been widely used in the calculation of the conductance of nanowires, while the implications of this model for the total energy and electric potential of the wire have generally been ignored. In section 2 the problem is introduced and it is shown that screening effects should be taken into account.
The calculation preserving charge neutrality is presented in section 3, and in section 4 electron energy induced deviations from a symmetric square cross section are considered.
The relevance to experimental results is briefly discussed in section 5.
II. THE TOTAL ENERGY OF A NANOWIRE
Since we are only interested in demonstrating the principle we can choose convenient boundary conditions. Our wire consists of a uniform conductor of square cross-section W ×W and length L, with free and independent electrons confined within hard wall boundaries, connected to free electron gas reservoirs (Fig. 1) . We consider wires sufficiently long that the contribution of tunneling electrons (evanescent modes) can be ignored. It poses no great difficulty to extend the calculations to include such contributions, but for the sake of clarity we limit ourselves to a brief discussion of this aspect in section V. When it is necessary to choose values for the parameters we will use those appropriate for sodium.
The density of states (DOS) in the wire can be expressed as
where w = 2W/λ F , λ F = 2πh/ √ 2mǫ F , and λ F , ǫ F and m are the Fermi wave length, Fermi energy and the free electron mass, respectively. The + on the summation indicates that n 1 and n 2 run from 1 to the maximum value for which the expression under the square-root in Eq. (1) is positive. In Fig. 2 the DOS of the wire is compared to that of a bulk electron gas.
The figure Further, all energies (k B T, eV ) should be much smaller than the subband splitting. This is the explanation for the phenomenon of conductance quantization observed in semiconducting point contacts, for which the free electron model is applicable. The adiabatic approximation (2) is clearly not applicable for the model geometry of Fig 1, and additional resonances of the conductance on the plateaux appear as a result of the interference of waves scattered from the two interfaces. However, globally the conductance can still be seen to increase by quantum units for this model [21] .
The total kinetic energy of the occupied states can be found by integrating the energy over this DOS. Expressing the total energy normalized to the bulk value,
we obtain,
Similarly, the density of electrons normalized to the bulk value n 0 = k
These functions are also plotted in Fig. 2 .
The figure clearly demonstrates three important features: (a) the total energy density and (b) the electron density are much lower than the bulk values, and (c) there are strong fluctuations in both quantities as a function of the width of the wire. The first, (a), is the result of the strong confinement imposed by the hard-wall potential. A realistic potential allows spill-out of the wave function beyond the boundaries. There is a simple solution to this problem, since the energy levels for a finite potential well can be described to a very good approximation by those of an infinite potential well of larger width. Using parameters appropriate for sodium, the width should be increased by an amount dw = 0.688. Using this value in the calculation of the total energy, we find that K fluctuates properly around 1.
The second feature, (b), is also consequence of the hard wall potential. The distribution of states in momentum space is not uniform, since states with k x = 0 or k y = 0 are excluded. This is a well known problem which was already treated by Weyl in 1911 [22] . The bulk density of electrons to which Eq. (3) should be normalized receives surface corrections, which can be expressed as n 0 = (k
2 ) [23] . When the density is recalculated and normalized using this correction, we find that it fluctuates around the proper bulk limit. Both features, (a) and (b), have recently been discussed in the context of conductance quantization by García-Martín et al. [24] . They showed how the semiclassical Sharvin limit can be obtained by including these corrections, and that the actual diameter of the wires required for a specific number of modes is smaller than obtained from the standard calculations.
The third feature, (c), is the one that we are particularly interested in. The strong fluctuations in the total energy may contribute to the relative stability of specific wire widths. Although the details will also be sensitive to the artificial boundary conditions that we use, the general features should be present for any choice of potential. They can be understood as follows. When the diameter of the wire increases to w = √ 2 the Fermi energy touches the bottom of the first subband. From this point onward the subband starts to be filled and the electron density and kinetic energy per volume start rising rapidly as a result of the peak in the DOS. For further increase of w the DOS decreases leading to a slow-down in the increase of the number of electrons and the kinetic energy, while the volume keeps increasing as W 2 resulting in a maximum in the densities of electrons and energy, followed by a decrease in these densities until the next subband is reached. As a result, n(w) and K(w) show oscillations as a function of w, with the amplitude decreasing for increasing w.
The deviations from the bulk values are largest for small W , and amount up to tens of percents.
Such deviations from the bulk density are not realistic. The most dramatic consequence is that the electron density is found to drop to zero for small widths when the last channel is closed, whereas in practice every atom will continue to be surrounded, on average, by one electron (for a monovalent metal). The screening in metals is very effective down to a scale ∼ 1Å, and the positive background charge density will tend to be compensated. This short-coming is generally ignored in free-electron calculations of conductance in nanowires.
III. SCREENING: CONSTANT ELECTRON DENSITY
The main effect of the electron screening can be taken into account by fixing the electron density in the wire at the bulk value [26] . This can be done by adjusting the electro-chemical potential µ of the wire such that
with w µ = λ/λ F = ǫ F /µ. The corrections for the effects of the hard-wall potential discussed above have been incorporated in this expression. The total kinetic energy is then calculated for the value of µ obtained by solving Eq. (4), which needs to be re-evaluated for each width W of the wire:
The result is given in Fig. 3 , together with the variation of the chemical potential µ/ǫ F .
The conductance has also been calculated, using G(w) = + n 1 ,n 2 1, in units G 0 = 2e 2 /h and ignoring reduction of the transmission probability due to reflections at the interface with the reservoirs.
The consequences of this scenario are the following:
(a) The width at which a new channel is opened, and at which the conductance jumps by one or two units, is considerably smaller than in the case discussed above with µ = ǫ F , even smaller than that obtained after correction for the effects of the hard-wall potential.
In particular, the jump from zero to 1 G 0 is displaced to w = 0 in this model. In reality the electro-chemical potential and the kinetic energy density (Fig. 3 ) cannot be raised indefinitely, and the density would still drop to zero at some point. A density of states equal to zero in the wire corresponds to ionization of the atom(s) which make up the wire. The energy cost involved is so large that the wire will most likely break before this happens.
This suggests that a contact having no conducting modes and only tunneling contributions to the conductance, is not stable. Note that this applies to metals, and need not hold, e.g.,
for semimetals, where the contribution to the total energy of the conduction electrons is extremely small. should modify the applied gate potential [25] . For the metallic 3D nanowires the effects are more pronounced and may be observable as fluctuations in the work function.
(c) In order to set up the electrical potential difference between the wire and the bulk electrodes a charged dipole layer will be formed at the interfaces (see Fig. 1 ), and also some charge will accumulate at the surface of the wire and electrodes. The electrostatic energy involved needs to be taken into account in the evaluation of the total energy of the wire configuration, and it should be small compared to the total kinetic energy, otherwise we must accept that the electron density deviates from the bulk value. We estimate the electrostatic energy as that of the capacitance of an isolated wire end of length L, C ≃ 2πε 0 L, and charged to a potential V = +(µ − ǫ F )/e. In units of the bulk energy density K 0 , the electrostatic energy per unit volume of the wire can be expressed as,
where C ′ is the capacitance in dimensionless units, C ′ = (6π 2 ε 0h 2 /me 2 λ F w 2 ), and ε 0 is the vacuum dielectric constant for SI units. With λ F = 0.683 nm, we obtain E C = (0.305/w 2 )(µ/ǫ F − 1) 2 . For the larger wire diameters this is a minor correction to the energy, but for small w 2 the charging energy cannot be ignored. At small diameters neither a constant electron density, nor a constant chemical potential forms a good approximation, and the truth is somewhere in between. The balance is determined by the charging energy, expressed by the relation,
With C ′ = 0.366/w 2 we find that the deviations from the bulk density are smaller than the deviations from the bulk chemical potential down to w 2 = 1. Keeping n constant is thus a better approximation, but corrections are only negligible for w 2 > 3.
There are a number of other corrections to the energy, such as an increased spill-out of the wave function for a higher chemical potential and a tendency for the charge to accumulate at the surface due to electron-electron repulsion, resulting in a non-homogeneous density profile. Estimating such corrections goes beyond the validity of the model, but we believe they are smaller than the terms we have considered here.
(d) The total energy density in Fig. 3(a) shows distinct local minima, notably near w 2 = 1.4, 4, 8, 10.5, ... This suggests that the formation of quantum modes in the contact has a significant influence on the stability of specific wire diameters. In contrast to the calculation in the previous section, which ignored screening effects, the minima in the energy do not coincide with the steps in the conductance, but are found on the plateaux. Near the steps deviations from quantized values are most pronounced due to tunneling and back scattering contributions. This suggests that the minima in the total energy may play a role in explaining the fact that quantized values of the conductance are more frequently observed in experiment, compared to non-quantized values [7, 8, 10, 9] .
To this point we have considered the width of the wire as a continuous parameter. In fact, the finite size of the atomic building blocks restricts the accessible values for W . In the metal-cluster calculations the radius of the cluster is taken to be R = Zr s , with Z the number of (monovalent) atoms, and r s the Wigner-Seitz radius. In Ref. [7] the crosssectional area of point contacts was estimated as α(λ F /2) 2 , with α a constant depending on the crystal structure, being slightly smaller than unity. All estimates give contact areas of w 2 ≃ 1 per atom. The integer contact areas are marked by the grid lines in Fig. 3 . However, stacking patterns of atoms can exist which correspond to non-integer effective cross sections.
The grid mainly illustrates the typical jump in cross section which will be made between successive configurations.
As a final step in refinement of the problem we will now consider deviations from symmetric square shapes of the wire cross section.
IV. LIFTING OF THE DEGENERACY OF THE MODES
For the symmetric wire of square cross section which we have considered here, the conductance shows double jumps between 1 and 3 G 0 , between 4 and 6, 6 and 8, etc. The double jumps are the result of the degeneracy of the modes [27] . When we distort the wire under volume conservation, one expects that the energy can be lowered by lifting of the degeneracy of the modes, in analogy to the Jahn-Teller effect. Similar electron wave induced distortions have been shown to be relevant for the description of cluster abundance spectra [28] . In Fig. 4 we plot the energy density as a function of the ratio W 1 /W 2 of the wire widths in the two perpendicular directions, for a rectangular wire of fixed cross section
At W 1 /W 2 = 1 the calculation starts from a square wire and a conductance of 3 G 0 . The figure shows that the energy indeed decreases with distortion, and a minimum is found for W 1 /W 2 = 2.22. For 1.57 < W 1 /W 2 < 2.86 the conductance drops to 2 G 0 , carried by two modes in one direction and a single in the other direction.
At the minima in Fig. 3 (a) near w 2 = 4 and 1.36 the energy increases with distortion from square symmetry. In Fig. 5 we re-plot the curves from Fig. 3 , where at each point the ratio W 1 /W 2 has been optimized for minimum energy. In Fig. 5(c) it is shown that between the plateaux of 1 and 3 G 0 of Fig. 3 , a new plateau at 2 has been created by increasing W 1 /W 2 to 2.2. Similarly, we find that all double steps are removed by distortion of the shape of the wire. Often we find slightly lower energy minima at very large distortions. We discard these because of the small gain in energy, and because in practice other contributions to the surface tension, which have been ignored here, are probably more important.
V. RELEVANCE TO EXPERIMENTS
We stress again that the results of the calculations presented should be interpreted with some precautions because the model is over-simplified. However, it is a useful exercise for two reasons. First, free electron calculations with hard-wall boundaries have been widely employed in the context of conductance quantization in metals, where the consequences discussed here have been ignored. Second, the effects on the work function of the nanowire, and on the relative stability of specific wire diameters may survive in more realistic calculations, and have some relevance for the interpretation of the experiments.
One of the features which have been neglected in the discussion above is the contribution of evanescent modes (tunneling) to the total energy. The importance of such corrections depends sensitively on the effective length of the wire. Including the occupation of tunneling modes will round-off the the cusps in the energy density and electron density in Fig.   2 . However, after including screening contributions, the minima in the energy density are repelled from the maxima in the density of states (Fig. 3) , and will be less sensitive to the rounding introduced by tunneling modes. On the other hand, the cusps in the chemical potential in Fig. 3 (b) will be rounded-off, as will be the steps in the conductance in Fig.   3 (c).
Regarding the relative stability, we have found that minima in the energy are situated near the middle of the conductance plateaux, which would provide a mechanism to stabilize those wire geometries which have a quantized value of the conductance. It is interesting to note that in the experiment of Muller et al.
[10] the contact was not strained, but it was allowed to evolve spontaneously. Sharp steps between very horizontal plateaux are observed, while other experiments generally measure the conductance during continuous elongation of the contact where the conductance at the plateaux is generally seen to decrease with increasing elongation until a new step is encountered. Thus, the experiment of Ref. [10] allows the contact to find its equilibrium configuration. Also the fact that it is performed at room temperature is of importance, since the mobility of the atoms is sufficiently high that the contact can explore various configurations.
On the other hand, equally horizontal plateaux at non-integer conductance values are regularly observed, as can also be seen in Ref. [10] . Such plateaux seem to contradict the mechanism discussed here. We should keep in mind, however, that the wire diameter is not a continuous parameter in reality. Molecular dynamics simulations [16, 8, 29] clearly show that the contact diameter jumps between atomic scale configurations corresponding to crosssection jumps ∆w 2 of order unity. The true minimum energy configurations of the contact are, therefore, not all accessible due to atomic size constraints.
The same constraints may explain the observation of degenerate conductance modes in sodium [7] . In that experiment histograms of conductance values showed clear peaks at 1, 3, 5, and 6 G 0 , exactly the series expected for a circularly symmetric contact. The Jahn-Teller type distortion considered here would prevent the absence of conductance peaks at 2, 4 and 7 G 0 . Surface tension may prohibit the distortion, but further work is needed to clarify this point A very surprising consequence of the mechanism considered here is that a nanowire may prefer to split into parallel wires, each carrying a single quantum of conductance. A deep minimum in energy is found at w 2 = 1.36, where the conductance corresponds to one quantum. Comparing the energy density for this contact area to that at twice the area, and multiplying by the volume of the wire, we find using ǫ F = 3.23 eV, that the total energy for two parallel 1-quantum wires is 0.21 eV lower than for a single wire of double cross section, per λ F /2 of length of the wire. The energy gain is clearly not negligible, and such parallel wires would offer an alternative explanation for the observation of quantized conductance values 1,2,3,... On the other hand, the energy barrier encountered between the two topologically different configurations may be too large. Also, the low energy for the one-mode wire may be sensitive to the boundary conditions of the model. Again, more sophisticated calculations should be made to test these ideas.
The rapid variation in the total energy as a function of wire diameter can be translated into a force F acting in the longitudinal direction of the wire. In hydrostatic approximation, and assuming conservation of volume of the wire, it follows that
Applying this to the result of Fig. 5(a) we obtain the force plotted in Fig. 6 , expressed in nanoNewtons, using parameters appropriate for sodium. The (negative) peaks in the force are somewhat smaller than those measured for gold nanocontacts at room temperature [11] .
and at larger contact diameters the experimental forces are much larger. We stress that no quantitative predictions can be made based on this model. Qualitatively, the quantum-mode induced force jumps offer an alternative explanation for the observations in the experiment for small contacts. The model does not treat in detail the interaction between all the atoms of the contact. The force calculated here is just the average contribution originating from the conduction electrons to the force between atoms. If the atoms can move in response to this force, arrangements that accommodate the quantum modes will be preferred.
In conclusion, a simple model of free electron waves confined by a hard-wall potential has some unexpected and observable consequences for the properties of metallic nanowires.
The three main conclusions are: (1) the work function is expected to fluctuate with the cross section of the wire, (2) the total energy has minima on the conductance plateaux which may help to favor the corresponding wire geometry, and (3) in the total energy, calculated using parameters appropriate for sodium. The electron density is held constant at the bulk value and the rectangular distortion is adjusted to minimize the energy.
The force is plotted as a function of the wire cross section w 2 = 4W 1 W 2 /λ 2 F .
